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A global model of a slowly rotating perfect fluid ball in general relativ-
ity is presented. To second order in the rotation parameter, the junction
surface is an ellipsoidal cylinder. The interior is given by a limiting case
of the Wahlquist solution, and the vacuum region is not asymptotically
flat. The impossibility of joining an asymptotically flat vacuum region
has been shown in a preceding work.
1 Introduction
In a preceding paper [1], henceforth called I, the impossibility of matching the
Wahlquist metric [2] to an asymptotically flat vacuum domain was shown. This
result is not too surprising in the light of investigations in [3], where the tendency
of the matching conditions to be overdetermined has been pointed out. However,
it would be very embarrassing from the point of view of general relativity if this
matching turned out to be impossible to any vacuum region. In this paper, the
problem of matching of the slowly rotating Wahlquist metric to a more general
vacuum exterior is investigated to a precision of quadratic order in the rotation
parameter.
We are using the approximation scheme for slow rotation, developed by Har-
tle [4], based on a power series expansion in the angular velocity Ω of the fluid.
The metric of both regions has the form
ds2 = [1 + 2h(r; #)]A(r)2dt2 − [1 + 2m(r; #)]B(r)2dr2
−[1 + 2k(r; #)]C(r)2
n




where A; B and C are the metric functions of the static conguration. The
rotation potential ! is of order Ω , and the functions h, m and k are of order
Ω2.













In the Wahlquist interior domain, the rotation potential is a function of the
radial coordinate alone [cf. (28)]. Hence, from the junction conditions it follows,
[4], that ! = !1 in (2) in the vacuum as well as in the fluid region. The potential
! then satises a second-order ordinary linear dierential equation. In our model
of the space-time we drop the condition of asymptotic flatness, and we perform
the matching with the most general vacuum metric with ! = !(r).
Likewise the expansions of the second-order metric functions in Legendre
polynomials are sought in the form
h(r; #) = h0(r) + h2(r)P2(cos#) (3)
m(r; #) = m0(r) + m2(r)P2(cos#) (4)
k(r; #) = k2(r)P2(cos#) : (5)
The second-order perturbations satisfy a set of inhomogeneous linear dierential
equations, with a driving term quadratic in the rotation function !.
In Sec. 2 of this paper, we present the form of these functions for the vacuum
domain, and investigate the eect of the q1 perturbations on the curvature. In
the fluid interior, discussed in Sec. 3, we get the perturbations of the Wahlquist
metric, and compute the parameters of the junction surface. Next, in Sec. 4.,
the junction conditions are reviewed. The solutions of the junction conditions as
functions of the unperturbed radius r1 are given in full detail in the Appendix.
2 The Vacuum Exterior
In this section we consider the form of the vacuum metric to the required accu-






; C = r : (6)






where the additive constant of integration has been removed by a rigid rotation.




































3r2 − 6Mr − 2M2 r −M




















− h2 : (12)
To second order in the rotational parameter, the slowly rotating solution is
characterized by the mass M , the rst order small rotation parameter a, and
the second order small constants c1, c2 and q1.
The terms containing the integration constant q1 tend to r2 as r !1, hence
the present series expansion holds within a open neighborhood of the junction
surface. With the special choice q1 = 0, the metric is asymptotically flat, and
this form was used in [1] to show the impossibility of matching the Wahlquist
solution to an asymptotically flat vacuum.
To explore the eects of the q1 perturbations on the curvature, we use a
canonical locally nonrotating Lorentz tetrad for the metric (1):
e0 =
h








e1 = (1−m)A @@r (14)
e2 = (1− k)r−1 @@# (15)













In this tetrad, the gravitoelectric (Ei) and gravitomagnetic (Hi) elds are
dened in terms of the Riemann tensor as follows [5]:
E1 = R0101 E2 = R0202 E3 = R0102 (17)
H1 = R0123 H2 = −R0213 H3 = R0223 : (18)
In the asymptotic region, r !1, the gravimagnetic part of the curvature goes








1− 3 sin2 # q1 (20)
lim
r!1E3 = 3 sin# cos#q1 : (21)
The algebraic structure of the Weyl tensor at innity, (19)-(21), guarantees
that the components cannot all be transformed to zero, and hence the space-
time cannot be asymptotically flat. However, these values are obtained by
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means of perturbative calculations, and higher-order corrections may contribute
by divergent terms to the limiting values (19)-(21). The angular behavior of
the gravielectric eld indicates that a quadrupolar mass distribution at large
distance may act as the source of the deviations from asymptotic flatness.
The slowly rotating Kerr space-time is a particular solution given by c1 =
c2 = q1 = 0.
In the vacuum exterior region, suitable hypersurfaces for matching are de-
termined by the condition[6]
~Ω2g'' + 2~Ωg't + gtt = 1− ~C (22)
where ~Ω and ~C are constants. In the limit of no rotation, the matching surface
is the history of the sphere r = r1: For slow rotation the deformation of the
surface is described by
r = r1 + a2 (23)
where  is a function of # and a is the small rotational parameter. Substituting
into (22) and keeping only second order small terms in the rotational parameter,
we get
 = 0 + 2P2(cos#) (24)
where 0 and 2 are constants to be determined by the matching conditions.
Using the coordinates xa(V ) = (t; r; #; ') and introducing the notation g
(V )
ab




0; 1; 3a22 sin # cos#; 0
q−g(V )11 : (25)
3 The Wahlquist solution
In I we have computed the second order form of the Wahlquist metric in Hartle’s
coordinates. For convenience here we review the results.
The metric (1) takes the form





sin2 x(1 + 2k)
h




f0 = 1 +
1
2





(1− x cotx) : (28)
Here 0 is the constant characterizing the equation of state, 0 = +3p, and r0
is a further constant that will be used below as the small parameter of expansion.
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For the second order small quantities we obtain
h0 = x
5 sin2 x− 6− 2 cos2 x sin2 x




2 sin2 x− 3 sin2 x− 3x2 − 4 sin4 x






























x cos3 x− 2 cos2 x sin x− 3 sin3 x






x sin3 x + (x2 − 7) cosx sin2 x− (2x2 + 3) cos3 x








2 + 5− sin2 x
sin3 x
(32)
−22 − 7− 14x









5x2 − 3 + 32
sin2 x
− 2x2 + 3− 2
−x cosx3











All these second order quantities go to zero as x ! 0, which shows that the
center is regular to the required order.





x cotx− 2 (34)
p20 =
20




3 sin2 x− 2
+
(
22 sin4 x− 2 sin4 x + sin2 x + x2 cosx (35)







x cosx− (2 + 1 sin x
 (22 − 3 sin4 x + 2x sin x cosx (2 − 3 + sin2 x
− (2x2 − 3 + 44 + 22 sin2 x + 3x2 : (36)
In the fluid region, the matching surface S is dened by the condition of
vanishing pressure, p = 0: In the limit of no rotation [7], the matching surface
is the history of the sphere x = x1 satisfying
x1 cotx1 = 2 : (37)
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For slow rotation the equation of the matching surface S is









where we denote d=dx by a prime. Substituting (34) { (36) and (37), we get
that  = 0 + 2P2(cos#), where the constants 0 and 2 are dened by
0 = 0
10 − 28 + 2x216 + 6 + x214 + x412 − x212 + x41
12x12 (4 − 2 + x21)
(40)
2 = −0 4
10 + 8 + 4x216 − 86 + 2x214 + 34 − 4x212 + x41
12x12 (4 − 2 + x21)
: (41)
The function y = x− r20 characterizes the constant pressure hypersurfaces,
with y = x1 on the matching surface. Denoting the coordinates as xa(W ) =
(t; x; #; '), the normal one-form has the components
n(W )a =
(
0; 1; 3r202 sin # cos#; 0
q−g(W )11 (42)
where g(W )ab denotes the metric components in the Wahlquist region.
4 Junction conditions
In this section, we search for isometric embeddings of the matching surface S
in the vacuum and Wahlquist domains, respectively. The extrinsic curvature
K = KabdxadxbjS of the surface S is dened in terms of the normal na and the
projector hab = gab + nanb where gab are the components of (1) and the coordi-
nates are restricted to S. The quantities Kab are given by Kab = hachbdn(c;d).
We equate with each other the respective induced extrinsic curvatures K(V )
and K(W ) of S, in the vacuum and in the Wahlquist region. Hence, in terms of
the induced metric ds2jS the equations of matching are
ds2(V )jS = ds2(W )jS K(V )jS = K(W )jS : (43)
The values of the metric coecients and their derivatives on S are given by
a power series expansion in r0 in the fluid and in a in the vacuum regions,
respectively. The matching to zero-order in the rotation parameter takes place
on the cylinder which is the product, S2 R, of the metric two-sphere and the
time. We take advantage of the freedom in taking constant linear combinations
of the time and azimuthal coordinates. We apply a rigid rotation in the fluid
region by setting ' ! ' + Ωt where Ω is a constant. Then we re-scale the
interior time coordinate t 2 R by
t ! c4(1 + r20c3)t (44)
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with further constants c3 and c4 to be determined from the matching conditions.









c4 = cosx1 : (47)
We next perform the matching to rst order, with the matching surface still
being the product S2  R. The matching equations are the (t; ') components
of Eqs. (43) from which we get the parameter values
Ω =
0x1r0





2x1 cos2 x1 − 3 sinx1 cosx1 + x1
sin x1 cosx1 − x1 : (49)
To second order in the rotation parameter, the matching surface S is an
ellipsoidal cylinder characterized by the embedding conditions (38) and (23).
Substituting in the matching conditions (43), and Taylor expanding to sec-
ond order in the rotation parameters, we get a set of linear equations for the
parameters 0, 2, c1, c2, c3 and q1 . The solution in terms of r0, x1 and 0 is
given in the Appendix.
5 Conclusions
In this paper we have shown that there exist congurations where a Wahlquist
fluid ball in an ambient vacuum domain is kept in equilibrium. In our model
space-time the components of the curvature tensor tend to nite values at in-
nity.
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Appendix
Here we list the solution of the matching equations for the constant c3 of the
interior time scaling and for the constants q1, c1, c2, 0 and 2 of the vac-
uum domain in terms of the radius x1 of the Whittaker fluid ball, the rotation
parameter a given in Eq. (49) and the density 0:
c3 = − cosx1072l23 cos2 x1 sin x1
[(15 cos2 x1 + 7 sin2 x1)x31
− (18 cos2 x1 + 4 sin2 x1)x21 sin x1 cosx1 + 12 cos3 x1 sin3 x1 (50)









 [51x31 cos3 x1 − 27x21 cos4 x1 sinx1 − 27x1 cos5 x1 sin2 x1
+ 3 cos4 x1 sin3 x1 − 24x1 cos3 x1 sin4 x1
























 [9x31 cos2 x1 − 27x1 cos4 x1 sin2 x1 (53)







(x21 cosx1 − 2x1 cos4 x1 sin x1 (54)





(x21 sin x1 + 4x
3
1 cos
3 x1 − 8x1 cos3 x1 sin2 x1 (55)
+ 3 cos2 x1 sin3 x1 − 4x1 cosx1 sin4 x1)
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where
l1 = 3x21 + 6x1 cosx1 sin x1 − cos2 x1 sin2 x1 − 8 sin2 x1 (56)
l2 = x1(3 cos2 x1 + sin2 x1)− 3 sinx1 cosx1 (57)
l3 = x1 − sin x1 cosx1 : (58)
It is easy to show that q1 is non-zero in the allowed range of x1, 0 < x1 < 2 .
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